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Abstract-It is shown that every graph on n vertices can be realized as an induced subgraph of a 
regular graph on at most 271 - 2 vertices and this is the best realization possible. The proof uses an 
extension of a theorem of Erdijs and Kelley, and some related results are also deduced. 
In the first book on graph theory ever written, KSnig proved that given a graph G = (V, E) on 
n vertices, there exists a d-regular graph H on n + m vertices containing G (i.e., G is an induced 
subgraph of H), where d is the maximum degree of the points of G. We say that G can be realized 
as an induced subgraph of H. Erdijs and Kelley [1,2] considered the problem of determining the 
minimal such m, which we will denote by mo. For the graph in Fig. la it is easy to see that 
rn,-, = 4 (see Fig. lb). But if we allow H to be 4-regular, only two vertices suffice (Fig. lc). 
(4 G. (b) H, with d = 3. 
Figure 1 
(c) H, with d = 4. 
Thus, one can consider the following somewhat more general problem: Given a graph G = 
(V, E) with degree sequence dl 5 dx 5 . . . 5 d, = d, determine the minimum m such that there 
exists a (d + r)-regular graph on n + m vertices containing G, for some T > 0. 
We always assume that the vertex set of a graph on n vertices is [n] = (1,2,. . . , n}. First, as 
in [2], we define 0: = d + r - di to be the r-deficiency of the vertex i, that is, the number of 
edges needed to complete the degree of i to the desired degree d + r. We also call the number 
%,* = ‘& Or, the total r-deficiency, and DL, = maXi Df, the maximum r-deficiency. 
Imitating [2], one can easily prove the following. 
THEOREM 1. Let G be a graph on n vertices with degree sequence dl 2 dz 5 . . . 5 d, = d. 
Then m’ is the least integer such that G is an induced subgraph of a (d + r)-regular graph H on 
n + m’ vertices if and only if 
m’ = m, = min(m0, ml, m2,. . . , m,), 
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where mj, for 0 5 j 5 n, is the least integer satisfying 
(1) mj(d-+j) 1 %a,, 
(2) mj (mj - 1) L mj(d+d - &td, 
(3) mj 1 Dj,,,, and 
(4) (rni + n)(df j) = 0 (mod 2). 
In particular, m’ depends only on the degree sequence of the given graph G. 
Notice that mj(G) is the least number of additional vertices needed when H is regular of 
degree (d + j). Next, we define m(n) = max m’(G), and mj (n) = max mj (G) for all j such that 
0 < j 5 n, where the maximum is taken over all graphs on n vertices. In particular, at most 
ma(n) additional vertices are required for any graph on n vertices, when H is d-regular. ErdGs 
and Kelley [1,2] proved that to realize G = (V, E) with degree sequence di 5 d2 < . . . 5 d,, = d 
as an induced subgraph of a d-regular graph H we require at most n additional vertices, and 
li’, - e is a graph for which we do need n additional vertices, i.e., m*(n) = n. It is an interesting 
fact that if we allow the supergraph H to be just regular (and not necessarily d-regular), then 
the minimum number of additional vertices needed (in the worst case) drops down by 2. 
THEOREM 2. Every graph on n vertices can be realized as an induced subgraph of a regular 
graph on at most 2n - 2 vertices and this is the best possible, i.e., 
m(n) = n - 2. 
PROOF. Consider the ‘star’ (tree with n - 1 leaves) on n vertices. Since this graph has the 
maximum r-deficiency, of at least n - 2 for every T, it immediately follows that m(n) > n - 2. 
By [l], we already know that ma(n) = n. Hence, we only need to show that for all graphs G 
for which ma(G) 1 n - 1, there exists some j such that mj(G) < n - 2. It is easy to see that 
n - 2 satisfies conditions (l), (3) and (4) of Theorem 1 for j = 0. So if me(G) 2 n - 1 for some 
G, then (n - 2)(n - 3) < (n - 2) d - Dtotti, and therefore d > n - 2. 
Two cases can arise depending on whether d = n - 1 or d = n - 2. If d = n - 1, then we must 
have 
2(n - 2) - 2j 5 DF,td 5 2(n - 2), andn-2zDL,,+j, 
for some j 5 n - 2. If d = n - 2, then we must have 
(n - 2) - 2j 5 D,O,,,I 5 (n - 21, andn-22 DL,,-kj, 
for some j 5 n - 2. In both cases one can check that a suitable j exists. We have shown that for 
every graph G there exists some j such that mj(G) 5 n - 2, and the theorem follows. I 
As mentioned above, Erdos and Kelley observed that Ii’, -e is an extremal graph which cannot 
be realized as an induced subgraph of an n-regular supergraph H with less than n additional 
vertices. We also prove 
PROPOSITION 1. The minimum number of additional vertices required to realize Ii’,, - e as an 
induced subgraph of a regular graph is n - 2, i.e., 
m’(K’, - e) = n - 2. 
PROOF. Without loss of generality assume (n - 1, n) $ E. Add n - 2 new vertices, namely n f i 
forl_<i<n- 2, and join j to every vertex n + i (i # j, j 5 n - 2). Also join n - 1 and n to 
every new vertex and make the induced subgraph on {n + 1,. . . , n + (n - 2)) a complete graph. 
It is easy to verify that the resulting graph is (2n - 4)-regular. Thus m’(K,, - e) 5 n - 2. 
TO show the reverse inequality, assume Iin - e is an induced subgraph of a (n - 1 -I- r)-regular 
graph on 2n - 2 - Ic vertices, for some Ic > 0. From (2) of Theorem 1, we get 
(n-2-k)(-(1+2)-r)+2+nrLO, 
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T > 12 - (k + 3). 
If P = n - (k + 2) then 0; = n - (k + l), which is impossible. The case P = IZ - (E + 3) reduces 
to the above construction forcing k = 0. I 
Proof of the previous proposition can be straightforwardly generalized to give the following. 
PROPOSITION 2. Let K, - K, denote the graph obtained from I(, by deleting (;) edges which 
form a Ii’, , then for fixed s and large n we have 
7d(K, - Iis) = 12 -s. 
We have seen that for I<,, -e we get an improvement of only 2 in the number of additional vertices, 
if we allow the supergraph H to be just regular (and not d-regular). But there are graphs for 
which a (d+r)-regular supergraph H (for some suitable r) requires O(n) fewer additional vertices 
than a d-regular H. 
PROPOSITION 3. Let p(n) = max{mo(G) - m’(G)}, w h ere the maximum is taken over aJJ graphs 
on n vertices, then p(n) > i(n - 2). 
PROOF. Let G be a 3m-regular graph on 4m + 2 vertices with one edge deleted. It is easy to 
see that ma(G) = 3m + 1. However, G can be shown to be an induced subgraph of a 4m-regular 
graph which has only 2m + 1 additional vertices. I 
It would be interesting to determine the exact value of p(n). 
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